Band sums of associative rings were introduced by Weissglass in 1973. The main theorem claims that the support of every Artinian band sum of rings is finite. This result is analogous to the well-known theorem on Artinian semigroup rings. The aim of this paper is to investigate Artinian band sums of rings. Looking for a way of research it seems natural to consider the well-known results on Artinian semigroup rings as a guide. It was proved in [12] that if a semigroup ring RS is Artinian then R is Artinian and S is finite. (The proof was simplified in [7, 9] .) If R and S are commutative, a complete description of Artinian RS was obtained in [4] . We shall deal with an Artinian band sum R = ® fcefi Rb and deduce analogous results. Our main theorem asserts that the set [b \ R b & 0} is finite. Clearly, B can be infinite since there may be infinitely many zero rings among the R b .
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where B is commutative a corollary to the main theorem will show that R is Artinian if all R b are Artinian and the set {b \ R b / 0} is finite. The converse implication is not valid. Now let us state the main result.
THEOREM. If B is a band and R = © f t e B Rb is an Artinian band sum of rings, then all but a finite number of the R b are equal to zero.
By Artinian we mean right Artinian. Some definitions are needed for the proof. A band is called a semilattice (right zero band; left zero band; rectangular band) if it satisfies the identity xy = yx (xy = y; xy = x; xyx = x). For each band B there exist a semilattice S and rectangular bands H s ,s e 5, such that B = 0 J € S H s , H S H, c H s , for every s,t e S, and H s U H, = <j> whenever s ^ t (cf. [2] ). In this case B is said to be a semilattice S of rectangular bands H s . It is easily seen that each rectangular band H is isomorphic to a direct product of a left zero band and a right zero band. Note that every semilattice S is a partially ordered set under the natural order < defined by the rule s < t if and only if st = s (cf. PROOF. We will construct an infinite sequence of ideals /i, / 2 , . . . in £ such that supp (/,) is not included in (J.,. supp (/,) for any / > 1.
Take a finite subset E\ of E such that | [J ieE supp (7)| > k. For any / e £1 let Gj denote the set of all / e E such that supp ( 7 ) PROOF. Since / is nilpotent and supp (/) is infinite, there exists a natural number n > \ such that the number of the R b which do not lie in /" is infinite. Assume that n is the least natural number of this sort. It is enough to show that R/I" is not Artinian.
Evidently, /" is homogeneous, and therefore we may pass to the quotient ring R/I" and assume that /" = 0.
By the choice of n only a finite number of the R b are not contained in /""'. Hence supp (/""') is infinite. Thus /""' satisfies all the conditions of Lemma 2. To simplify the notation we assume that from the very beginning / = /""', that is, « = 2.
Let C denote the subsemigroup generated in B by all b such that R b is not contained in /. It is well-known that every band is locally finite. Therefore C is finite. Set
Take any d in D and consider the ideal l d generated in R by R d . We get
If b and c are not in C, then R b c / and R c c /, 
. = A W + J(R) = R + J(R).
This implies that the quotient ring F = R/A n is radical. Since A n is homogeneous, F is a semilattice sum of its subrings F s = Q s /(A n n Q s ), s e 5. Evidently, A v = \J U<V A u for a limit v < w. If v is not limit, then /" n T = {*"} U {/"_! n T}, and so A v = Q h + A u _ 1? A v / A v^. Therefore supp(F) is infinite. Obviously, F is a homogeneous ideal in F containing all F s . Since F is radical, it is nilpotent. By Lemma 2 F is not Artinian, whence neither is R. This contradiction shows that T is finite. Now suppose that there are infinitely many non-zero rings among the R b , b e B. We will show that this leads to a contradiction. such that T, is infinite. It is routine to verify that the set V = [J{H S \ s e S,st ^ /} is an ideal of S, W = ®(, gV , R b is a homogeneous ideal in R, and the quotient ring F = R/W satisfies exactly the same conditions as R. Therefore we can replace R by F. In order to preserve simple notation we just assume that W = 0 instead of substituting F for R. Then t becomes a minimal element such that T, is not empty. (Indeed, H s c V for every s < t. Since W = 0, then Q s = 0 for s < t, and so T s ^ 0.) Moreover, we may delete all s such that st ^ t from S and assume that t is the least element of 5.
Clearly J B (R) = © i e B J(R)R b is a homogeneous ideal of R. Morover, it is nilpotent because JB(R) Q J(R)-
The For a € A set P a = /? a , when a & B, and set P a = C a when a e D. It is routine to verify that A is a band under *, and R -® aeA P a is a band sum. It has been proved that an infinite number of P a , a e A, are not zero. Therefore we may consider A and EXAMPLE. Let R -Q n be the ring of n x n matrices over Q. Denote by e tj , where 1 < i, j < n, the standard matrix units. Put /? ( ,, ;) = Qe ir On the set B = (0> y) I 1 < '. j < n) define a multiplication by (ii, ji)(/ 2 , h) = O'I. 72)-This makes B a rectangular band. It is easy to see that R = © fc£B Rb is an Artinian band sum. However, /? ( ,, ;) is a ring with zero multiplication for / ^ j , and so it is not Artinian. is commutative and is a semilattice sum of Q° and Q, with Q° an ideal of R. It is easy to check that R has only three ideals: 0, Q° and R. Therefore R is Artinian, although Q° is not.
